Eur. Phys. J. C 55, 387401 (2008)
DOI 10.1140/epjc/s10052-008-0596-4

THE EUROPEAN
PHYSICAL JOURNAL C

Regular Article — Theoretical Physics

Irreducible multiplets of three-quark operators on the lattice

Controlling mixing under renormalization?

T. Kaltenbrunner®, M. Gockeler, A. Schiifer

Institut fiir Theoretische Physik, Universitdt Regensburg, 93040 Regensburg, Germany

Received: 6 February 2008 /

Published online: 29 April 2008 — © Springer-Verlag / Societa Italiana di Fisica 2008

Abstract. High luminosity accelerators have greatly increased the interest in semi-exclusive and exclusive
reactions involving nucleons. The relevant theoretical information is contained in the nucleon wavefunc-
tion and can be parametrized by the moments of the nucleon distribution amplitudes, which in turn are
linked to matrix elements of three-quark operators. These can be calculated from first principles in lattice
QCD. However, on the lattice the problems of operator mixing under renormalization are rather involved. In
a systematic approach we investigate this issue in depth. Using the spinorial symmetry group of the hyper-
cubic lattice we derive irreducibly transforming three-quark operators, which allow us to control the mixing

pattern.

1 Introduction

In the investigation of the internal nuclear structure, distri-
bution amplitudes play an essential role. Generally, in cal-
culations dealing with exclusive high-energy processes, one
can factorize the associated diagrams into hard and soft
subprocesses. While a hard subprocess can be evaluated
perturbatively and is characteristic for the reaction, the
distribution amplitudes describing the non-perturbative
soft subprocess are universal [1-3]. Thus, all these com-
putations need the distribution amplitudes as input to
produce quantitative results. Presently there exist only
model dependent calculations and the QCD sum rule ap-
proach [4—6], while the method of choice for the deter-
mination of distribution amplitudes from first principles is
lattice QCD [7, 8.

After performing an expansion near the lightcone, mo-
ments of these nucleon distribution amplitudes are ex-
pressed in terms of matrix elements of local three-quark
operators that are evaluated between a baryon state and
the vacuum and can be computed on the lattice. Apart
from isospin symmetrization and color antisymmetriza-
tion, these three-quark operators typically look like

Dy, ...Dy,, fa(x) Dy, ...Dy,gs(x) Dy, ... Dy hy(x),
1
where f, g and h denote the three quark fields with spinor

indices a, § and v, respectively, located at some space-time
point x.
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In order to enable fully quantitative predictions for
exclusive baryonic processes a detailed understanding of
these three-quark operators is essential. As they pick up
radiative corrections and are subject to mixing with other
operators, their renormalization is a vital ingredient for
any lattice calculation. This paper will focus on a detailed
analysis of the operator mixing under renormalization,
which is generally constrained by symmetries.

In the Euclidean continuum theory, mixing between
operators is restricted by their transformation properties
under the symmetry group O4. Operators that transform
according to inequivalent irreducible representations of the
symmetry group cannot mix under renormalization. How-
ever, on the lattice this symmetry group is reduced to its
discretized counterpart H(4), which means that in general
more operators will participate in the mixing process. In [9]
a generic study for quark-antiquark operators was per-
formed along these lines. We will modify this approach to
deal with the half-integer spin assigned to our three-quark
operators. In order to gain control of the renormalization
properties, we will construct irreducibly transforming mul-
tiplets of three-quark operators with respect to the spino-
rial hypercubic group H(4).

2 The symmetry of the hypercubic lattice

As the positions of the covariant derivatives within an op-
erator do not affect any of the following arguments, we will
assume for ease of notation that all of them act on the last
quark field. Given that we will work with linear combina-
tions of the elementary three-quark operators in (1), let us
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furthermore introduce tensors 7(*) that represent their co-
efficients. Suppressing the color indices and omitting the
common space-time coordinate a local three-quark opera-
tor then generally looks like:

0D =T . fag98Du, .- Dy ho. (2)
The regularized bare operator is related to its renormalized
counterpart @()e" by a renormalization matrix Z,

(’)(i),ren — Zijo(j),bare , (3)

and mixing under renormalization shows up in non-
vanishing off-diagonal elements of Z. Given the large
number of degrees of freedom (note that j =1,...,43+"),
controlling mixing is obviously a complex problem. How-
ever, by appropriately choosing the coefficients T, it can
be achieved that for any given ¢ the number of bare oper-
ators contributing with a non-vanishing coefficient Z;; is
restricted to a minimum. As mentioned in the introduc-
tion, this is done by studying the transformation properties
of the given operators under rotations and reflections in
space-time. Three-quark operators that do not transform
identically to one another do not mix. As any two operators
0% and ©U) that belong to inequivalent irreducible rep-
resentations of H(4) fulfill this requirement, their related
renormalization matrix elements Z;; and Zj; vanish. Once
all irreducibly transforming multiplets of three-quark op-
erators are known, the identically transforming operators
can be read off. Then Z decomposes into a block-diagonal
form with one block assigned to each set of identically
transforming operators. This greatly facilitates keeping
track of the mixing.

2.1 The hypercubic group

In this section we introduce the symmetry group of the hy-
percubic lattice (see, e.g., [10]). This so-called hypercubic
group H(4) determines, how objects with integer spin be-
have under transformations of the discretized space-time.
In terms of group theory, the hypercubic lattice can be
thought of as a set of symmetry transformations of its axes.
Let e;, j =1,...,4, denote unit vectors pointing in the di-
rection of the four canonical axes and let us arrange them
as shown in Table 1. The symmetry group of a lattice con-
sists of all transformations that leave the symmetry itself
untouched, i.e., the lattice looks the same before and after
the transformation. There are two classes of operations ful-
filling this request. The first one is the interchange of two

Table 1. Symmetries of the
hypercubic lattice
el —e1
€2 —€2
e3 —e3
€4 —€4
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axes:

(eia —61') s (eja _ej) . (4)
This corresponds to exchanging two rows in the table. As
there is a total of four rows, it is readily seen that these op-
erations represent the permutation group with four elem-
ents, Sy. Inverting an axis is the other symmetry operation
one can think of:

(ei, —ei) — (—ei, ei) . (5)

In the diagram this means to flip the two entries within
one row. The corresponding symmetry is Zs. If one again
takes into account all four rows, one arrives at Z3. Working
out the commutation relations between the exchange and
reflection of axes, an isomorphism between the symmetry
group of the hypercubic lattice and a semidirect product
Z4 xSy (wreath product of Zs and Sy) is found. The group
order is 4! - 24 = 384.

Let us now turn to a more abstract approach. The hy-
percubic group can be defined by the six generators t, v,

I, ..., I, and a set of generating relations [11]:
IZ=1, LI =L, th = Iit,
thy = It tly = It tIy = It
v =13, Iz = Iz, Iy =1y,
V=1, =1, (ty)*=1. (6)

The generators I; represent inversions, whereas ¢t and v
stand for a combined reflection and interchange of the axes.
Each element G € H(4) can be expressed as a product of
the generators.

For this group there are all in all twenty inequivalent ir-
reducible representations. They are labeled by 77' with the
superscript n giving the dimension of this representation
and the optional subscript k counting inequivalent repre-
sentations of the same dimension, if existent [10]. Every ir-
reducible representation is uniquely identified by the traces
of its representation matrices 7;'(G) for the group elem-
ents, called characters x of the representation:

XE(G) = YT (G ™

For us, 71 is of particular interest because its 4 x 4-matrices
describe how Lorentz vectors such as covariant derivatives
transform under the group action.

2.2 The spinorial hypercubic group

As already mentioned in the introduction, we are inter-
ested in the transformation properties of objects with half-
integer spin. The appropriate symmetry group was studied
in [11] and is called spinorial hypercubic group H(4). In
contrast to its non-spinorial counterpart, this group has
to contain further features like the phase-factors for the
lattice analogue of a full rotation. Therefore the defining
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relations of H(4) must be modified by twisting them with
a set of Z5 factors:

IZ=-1, LI =—LI;, tl = Iht,

tIQ = I4t, tIg = Igt, tI4 = Igt,

vh =-1I3, vl = —Iby, vy =—1Iyy,
y=-1, t3=-1, (ty)*=—-1. (8)

Beyond the irreducible representations directly inherited
from H(4), five more irreducible representations are found.
Hence these are “purely spinorial” and marked with an un-

PN . 4 4 g 12 12
derscore beneath their dimension: 71, 75, 7, 77~ and 75"

. . . 4.

Here the four-dimensional representation 7y is important,
as it describes the transformation of four-spinors under the
group action. By construction the group order of H(4) is

twice that of H(4).

3 Construction of irreducible three-quark
operators

In this section we will explain, how irreducibly transform-
ing three-quark operators can be constructed. Under the
group action of H(4) an operator is converted into a lin-
ear combination of other operators. A major step on the
way towards irreducible multiplets is to determine, which
operators may be present in these linear combinations.

Knowing the representation matrices for spinors and
Lorentz vectors one is in principle able to deduce the
transformation of any three-quark operator (2) under any
group element G € H(4). To this end each spinor and
Lorentz index is transformed separately with the represen-
tation matrices of 7'1é and 71, respectively, resulting in the
G-transformed three-quark operator

O(j),G—transformed — Gwo(l) ) (9)

However, given the large amount of independent operators
O this would yield transformation matrices Gj; of rather
unhandy dimension.

As the spinorial hypercubic group is embedded in the
symmetry group of the Euclidean continuum Oy, irre-
ducibly transforming operator multiplets of the latter one
form a closed set with respect to the group action of H(4).
In other words: the H(4) representation matrices G,; are
block-diagonal with respect to multiplets of three-quark
operators transforming irreducibly under the continuum
group. When choosing appropriate linear combinations
within these multiplets their blocks may however decom-
pose into even smaller blocks under the spinorial hyper-
cubic group, resulting in the desired H(4) irreducible rep-
resentations. Using the symmetry group of the Euclidean
continuum thus subdivides the problem of searching for
H(4) irreducible three-quark operators in the whole op-
erator space into the task of decomposing Oy irreducible
multiplets. This reduces the dimension of the problem con-
siderably.

We will therefore first derive multiplets of irreducibly
transforming three-quark operators in Oy. In a second step
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a projector for the decomposition into H(4) irreducible op-
erator multiplets is constructed. That fixes our choice for
the coefficient tensors 7% in (2).

3.1 Irreducibility in SO4 and O4

Unless stated otherwise, we will focus on the leading-twist
case from now on (i.e., twist 3). For ease of notation let us
write all quark fields with dotted and undotted indices in
the chiral Weyl representation (cf., e.g., [12]). Then a four-
spinor naturally decomposes into two Weyl spinors of def-
inite chirality (Table 2) whose transformation properties
are characterized by an SU(2) representation. Analogously,
we convert the covariant derivatives to an SU(2) x SU(2)
representation by contracting them with the Pauli matri-
ces 0. Then the whole three-quark operator transforms
as a direct product of SU(2) representations. Now, there
exists a homomorphism that links the irreducible represen-
tations of SU(2) x SU(2) to those of SO4:

SU(2) x SU(2) ~ SOy . (10)
Thus we can deduce irreducibly transforming three-quark
operators for the latter group by constructing irreducible
representations in SU(2) x SU(2), which is accomplished
by appropriately symmetrizing the SU(2) indices accord-
ing to the corresponding standard Young tableaux [13]. In
leading twist this enforces independent total symmetriza-
tion of the dotted and undotted indices.

To be specific, let us assume that a particular combina-
tion of quark chiralities is given, i.e., the spinor indices are
chosen to be either dotted or undotted. Then an SOy irre-
ducibly transforming multiplet is constructed as follows:

fag’Dpy - Dy, h° = fag® (Do), ... (Da)™ . R
- fag®(Do)™, ... (Do)d"én}hc} ,
(11)

with { ...} denoting the symmetrization of the indices on
the same level. Looking at the dotted and undotted in-
dices, which each can take the values zero and one, we
immediately read off that this multiplet consists of (n+3)-
(n+ 2) three-quark operators. Operators with other chiral-
ity combinations of the quark fields are treated in the same
manner, so that the space of elementary three-quark op-
erators (1) decomposes into subspaces of SO, irreducible
multiplets.

So far only four-dimensional rotations were taken into
account. The link to the full symmetry group of the Euclid-
ean continuum Oy is given by reflection operations: let r

Table 2. Relation of quark fields with dotted and undotted in-
dices to the Weyl representation

Weyl representation P1 o 3 Py
(un)dotted indices @Y ot Z ol
chirality + + — —
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represent some reflection in four dimensions, then O4 =
SO4Ur SOy [14], which also holds for the covering groups
04 and SO,4. Therefore an O, irreducible multiplet of
three-quark operators can be constructed by combining
any of the just deduced SOy irreducible multiplets with its
parity partner to a larger one.

In the next subsection we will exploit the fact that in
the basis of these Oy irreducible multiplets all representa-
tion matrices G;; in equation (9) are simultaneously block-
diagonal. This facilitates the further decomposition into
the desired H(4) irreducible representations.

3.2 Irreducibility in H(4)

Before we explain how the actual decomposition works,
let us find out which H(4) irreducible representations may
show up. As stated in Sects. 2.1 and 2.2, the covariant
derivatives and quark fields transform according to 7 and
T{i, respectively. Therefore the three-quark operator in (1)
transforms as a direct product of these representations:

OO ® - QTiOTT. (12)
This product is reducible. Knowing the characters x© for
a given irreducible representation 7%, it can be decom-
posed with the help of the identity

e’ = ZCWTW, (13)
where
1
C»y_: PYG* aG ﬁG 14
|H(4)|ZX()X()X() (14)

and |H(4)| denotes the group order. Applying this formula
iteratively, we derive the following content of H(4) irre-
ducible multiplets for three-quark operators with zero to
two derivatives (including higher twist):

zero derivatives: T{i ® T{i QT {i =
i@ TE® 32,

T%@T%@Tf@T%:
srimarteo12rileari,

T%@T%@T{l@Tf@T{i:

207) ® 37, & 1878 @ 417 2 237,° .
(15)

one derivative:

two derivatives:

As expected, only spinorial representations show up after
the reduction process.

We now proceed with the decomposition of the Oy
multiplets from the previous section. Therefore, their 768
transformation matrices G;; in (9) must be known explic-
itly. To be more precise: the diagonal blocks of these matri-
ces are sufficient.

For every group element this matrix block can be con-
structed by transforming every quark field and derivative
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of an operator separately as explained above and writing
the result in terms of the original operators. The coeflicients
involved are identified with the representation matrix elem-
ents Gj;. Then, with the knowledge of the characters of
the irreducible representations, a projector is constructed.
When applied to an O4 multiplet it projects out a usually
smaller multiplet that transforms according to the desired
irreducible H(4) representation (see, e.g., [15]):

da
[H(4)

P =

> X (6) G,

GeH(4)

(16)

Here d,, denotes the dimension of the irreducible represen-
tation to be projected out.

Some Oy irreducible multiplets contain several equiva-
lent H(4) irreducible representations 7*. Then, the action
of P¢ yields a set of three-quark operators that actually
contains smaller multiplets, each closed under the group
action on its own and irreducible. To separate these multi-
plets, a second projector P is introduced (see, e.g., [16]):

do e
fw) 2 W

o
P =

(17)

GeH(d)

Here GJ}, denotes the [k element of the representation ma-
trix 7%(G). Acting with P} on the set in question results
in m independent three-quark operators, where m is the
multiplicity of the representation 7*. If we now apply the
projectors { Pf%, j=1,...,dq} to these m operators sepa-
rately we generate m irreducible multiplets of three-quark
operators. That results in the requested separation of the
m equivalent irreducible multiplets.

After performing these steps all irreducibly trans-
forming three-quark operators of the spinorial hypercubic
group are known.

4 Three-quark operators and renormalization

In the previous section we have explained how multiplets
of H(4) irreducibly transforming three-quark operators of
leading twist can be constructed. Starting from different
Young tableaux in the SO, case the very same concept
applies to higher twist. The results are summarized in Ap-
pendix A. There we give a full list of all leading-twist ir-
reducible three-quark operators with up to two derivatives
and all higher-twist operators without derivatives.

In the following we want to discuss the consequences for
the mixing properties of the lattice operators under renor-
malization. It was already stated in Sect. 2 that mixing is
prohibited between three-quark operators belonging to in-
equivalent irreducible representations. In Table 3 we sort
our results according to their representation and mass di-

mension. Here OJ@ denotes the ith operator within the

jth H(4) irreducible multiplet. Then the above statement
means that renormalization only mixes operators within
the same row. More precisely: we sort the operators within
any multiplet in such a way that their transformation
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Table 3. Irreducibly transforming multiplets of three-quark
operators sorted by their mass-dimension

Dimension 9/2
(0 derivatives)

Dimension 11/2
(1 derivative)

Dimension 13/2
(2 derivatives)

(i)
Coo O,
mooy, oy, 0 ol
04(11)7 (’)él) DD2’ DD3
. OGha
2 (i) (i)
ODD5’ ODD6
8 ol ol , OBz |
6 D1 0(1) 0(1)
DD8g> DD9
o o8 Obhuw O
of’, off OBk OB OPpa OPpis
(i)
o o) Oppas
7_2 D5 D6 O(l) O(l)
2 ©) O(l) DD15 DD16’
Obm Ops ) o)
DD17» DD18

matrices under group action are identical for equivalent
representations. Thus, the ith operators in multiplets of
equivalent representations transform identically and there-
fore mix only with each other.

When working with dimensional regularization in the
continuum theory, mixing is also forbidden for operators
with different mass dimensions, i.e., different columns can-
not mix. On the lattice, however, this last statement is
not valid anymore. Due to the existence of a dimensionful
quantity, namely the lattice spacing a, lower-dimensional
operators may mix with higher-dimensional ones with co-
efficients proportional to powers of 1/a, e.g.:

O(i),ren — Zijo(j),bare + AR l . Obare, lower dim i (18)

a

In practice it proves difficult to properly extract the renor-
malization coefficients Z’ of mixing lower-dimensional
operators. Therefore this situation should be avoided
wherever possible. To this end one can try to restrict
oneself to those representations that do not possess lower-
dimensional counterparts such as T3> (73) for three-quark
operators with one (two) derivatives.

We can summarize these statements: the ith operator of
a multiplet may mix with any ith operator of the same or
lower dimension from the same row in Table 3. All opera-
tors within one multiplet share the same renormalization
coeflicients. Hence it is sufficient to renormalize one oper-
ator per multiplet only, e.g., 7 = 1.

Recall, however, that without loss of generality we have
discussed three-quark operators with all derivatives act-
ing on the last quark. That was possible, because the
actual position of the derivative has no influence on the
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transformation properties and thus on the classification for
renormalization. Mixing between operators with merely in-
terchanged position of the derivatives is not prohibited.
Hence, it is important to note how the additional oper-
ators not listed explicitly in Appendix A are generated.
For a given operator only the position of the derivatives is
changed to any quark field without touching the spinor and
vector indices quoted. This yields three times as many pos-
sibly mixing multiplets in the case of one and six times as
many in the case of two derivatives.

Let us introduce a notation that characterizes the oper-
ators uniquely. We replace the D in the subscript of a mul-
tiplet with an f, if the derivative acts on the first quark, a g
(h) if it acts on the second (third) quark. E.g., the opera-
tor (’)gj)317 with derivatives acting on the first and second
quark then looks like:

(4)_5i 3 {0 0 0. 030}
Of917_4\/6<5(DU) {of (Do) 019 h

- (Da){l{ofl(DU)lo}glhO}
~2:(D0) 5 Doyt ). (1)

Due to the total symmetrization of the spinor indices an
interchange of the two derivatives has no effect on the op-

erator, i.e., Ogﬁ)l? = (9}3)17. Thus we can always order the
indices f, g and h alphabetically leaving only six classes of
operators with two derivatives, as mentioned above:

) (i) (i)
Oy Osg... Opn...
o). ol of . (20)

Of course, there are three classes of operators with one
derivative:
(9 ‘ (9
Op. o), Oy

. (21)

Referring to the restrictions of mixing under renormal-
ization, all operators still obey the pattern displayed in
Table 3. One only has to keep in mind that a multiplet-
index D may actually represent an f, g or h as explained
above. This completes our study of the symmetry proper-
ties for leading-twist three-quark operators with up to two
derivatives. In the next section we give further identities for
the special case of isospin 1/2 symmetrized operators.

5 Isospin symmetrized operators

If one is interested in nucleon physics, one has to care about
the appropriate isospin symmetrization of the operators
used. Due to the presence of two equal quark flavors, iden-
tities will then show up that reduce the number of inde-
pendent three-quark operators. We want to briefly discuss
this in the following. Our results are summarized in Ap-
pendix B.

There are two possible symmetry classes for isospin
1/2: mixed antisymmetric, denoted by MA in the follow-
ing, and mixed symmetric (MS). Dealing with three quarks



392

of isospin I =1/2, m; = +1/2, one can first couple two of
them to either m; = 0 or m; = 1. For the proton the third
quark field is then added in such a way that the resultant
three-quark operator has I =1/2, m; =+1/2:

|MS) = —\/g|uud> + \/g(|udu> + |duu)),

IMA) = \/gﬂudu) — |duu)) .

The irreducible operators discussed in the previous section
and listed in Appendix A are converted to isospin 1/2 op-
erators when replacing the f, g and h quark fields by the
appropriate MS or MA linear combinations of uud, udu
and duu given above. The spinor and vector indices as well
as the positions of the covariant derivatives remain un-
changed. Let us give an example for the case of an MA
symmetrization:

(22)

O = 835 (g(Do){O{ouo(Do)%}dOUO}
- g(DU){O{OdO(DU)OO}uouo}

- (DO’){l{O’U,l (DU)lo}dluo}

+ (DO’){l{(’)dl (DU)lo}uluo}

-2 (Da){o{iul(DU)Oi}dluo}
+2~(Da){o{idl(Da)Oi}ulu0}> . (23)

The presence of two u quarks leads to operator identi-
ties when use is made of the anticommutation relation for
Grassmann variables and the symmetry of the coefficient
tensors 7). Again we want to clarify the procedure by
a simple example. The MA three-quark operators without
derivative read after color antisymmetrization:

i),MA __ (%) 1 a b, c a, b, c
o = Taﬁvﬁ (uad@u7 — dauﬁuv)eabc
1

_ (4) (4) agb,c
= ﬁ (Tam - Tﬁa,y) ugdgus - €ape . (24)
In Appendix A.1 we find that for the operators (’)gi) and

of;” the role of the spinor indices on the first and second
quark is exchanged, i.e.,

70 )

T,afBy = T8,Bay " (25)

When using this relation in (24) the following identity be-
tween the two isospin-symmetrized multiplets is derived:
O;i),MA _ _Oéi),MA _ (26)
A list of all identities induced by the isospin sym-
metrization is given in Appendix B. There we systemati-
cally express all MS operators in terms of MA operators
and then give all identities among the MA operators. That
leads to a minimal set of linearly independent three-quark
operator multiplets with isospin 1/2. These multiplets are
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summarized in Table 4, where, just as in Table 3, the al-
lowed mixings under renormalization can be read off.

As all operators within one multiplet share the same
renormalization coefficients, only an order of ten different
renormalization matrices of dimension eight by eight or
lower need to be calculated. The non-perturbative evalua-
tion of these coefficients for two flavors of clover fermions
is in progress and will yield a full set of renormalization
constants for isospin 1/2 symmetrized operators of leading
twist with up to two derivatives. These upcoming results
will allow us to renormalize the first few moments of the
proton distribution amplitude. To this end, one relates ma-
trix elements of identically transforming three-quark oper-
ators, e.g., 01 = OJE?’MA, Oy = O}Q’MA and O3 = (’)}?’MA
with 7 fixed, to moments @1, $3 and P3 of the proton distri-
bution amplitude. Schematically we can express the renor-
malized moments in terms of the renormalized operators
by

P ~ (0[O P)
Py ~ (0[O0 P)
&5 ~ (0|05 P)

where |P) denotes a proton state of definite momen-
tum [17]. With the renormalization and mixing coefficients

Table 4. Irreducibly transforming multiplets of three-quark
operators with isospin 1/2 sorted by their mass dimension

Dimension 9/2
(0 derivatives)

Dimension 11/2  Dimension 13/2
(1 derivative) (2 derivatives)

(i),MA (i), MA
OLMA 0MA,

ol)MA
2 1 ’ Ol)MA (i), MA
1 O(i),MA Jifg) MA: th)lMAy
3 i), i),
Ogh2 ’ OghB
(1),MA  5(i),MA
4 Oiﬁ? MA 7 O?% MA’
4 1), i),
2 (’)ﬁﬁ , (’)gh4 ,
(1),MA  (i),MA
Oglh5 ’ Oglh6
OMA (1), MA
biid Ui )
8 of1),MA OWMA (i), MA
T f1 79 » Y ghT )
(1),MA (i), MA
OgZhS ’ OgZhQ
(1),MA  5(i),MA
9 i), i),
F2 o(HMA o) MA Oﬁm ) Oﬁlg )
1 7 3 OMA (i), MA
O(i),MA g(h)lO ’ g(h)ll A:
f4 i), MA i),M
Oglhl2 ’ Oghl?)
i), MA (1),MA  (3),MA
OWMA O, O,
i), MA (i),MA A (i),MA
TQ 0}16) ’ Oﬁ‘16 ) Oﬁ‘l? )
2 i),MA (1), MA (i), MA
O T o
i),MA i), i),
O}Q Ogh16 ) Oghl’?
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of our three-quark operators, 0" = Z;;0;, we finally ar-
rive at the following relation between the renormalized and
the bare moments:

P =Z1 D1+ Z12oP2 + Z13P3,
O = Zo1 D1 + ZooPo + Zo3Ps
D" = 731D + Z39Po + Z33P3 .

This emphasizes once more the importance of the detailed
study of operator mixing under renormalization on the lat-
tice that we have presented here.

6 Summary and outlook

Three-quark operators play an important role in the lattice
determination of non-perturbative contributions to hard
exclusive processes involving baryons. In order to get con-
tinuum results from calculations using these operators,
they must be renormalized and it is crucial to study the
mixing behavior.

Here we have investigated the constraints imposed by
group theory. The hypercubic group and its spinorial ana-
logue were used to determine the behavior of three-quark
operators under transformations of the discretized space-
time. In a first step we substantially reduced the dimen-
sions of the occurring representation matrices by studying
the continuum behavior. Then we used a projector to de-
rive the multiplets of H(4) irreducibly transforming three-
quark operators. When grouping them according to their
representation and mass dimension, the possible mixing
patterns can be read off. This provides the basis for the
renormalization of isospin-symmetrized three-quark oper-
ators needed for the evaluation of nucleon distribution am-
plitudes, which will be published in a forthcoming paper.

Acknowledgements. We gratefully acknowledge helpful discus-
sions with N. Warkentin.

Appendix A: Irreducibly transforming
three-quark operators

In this appendix we list the explicit form of the H(4) irre-
ducibly transforming multiplets of three-quark operators.
The operators are constructed such that under group ac-
tion of H(4) any ith operator within one multiplet trans-
forms identically to the ith operator of another multiplet
belonging to an equivalent representation.

On demand, interested groups may also receive the co-
efficient tensors in electronic form to facilitate the imple-
mentation of the corresponding operators.

A.1 Operators without derivatives

For three-quark operators without derivatives we present
the full set of irreducible operators, including those of non-
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leading twist ((’)El), C’)g), (’):()f), (’)Z(f) and Oél)). The spinor
indices are given in the chiral Weyl representation.

The first five multiplets belong to the irreducible repre-
sentation 77:

o = Vﬂﬂfm 2- o' h0 + fOg°hY),
052) %(2 flgohl foglhl—flglho),

o = T(flgoho 2- fogiho + fogohi) ,

o = %(2 figohi — fogihi — figihe), (A1)
(’);1) T(fl gRO + fOqth0 — 2.]0057%1)7

052) %(2 Flglpo — foglhl—flgohl),

057 = 74h%%+%m% 2 fogohi)

oy = %(2 figihg — fogihi — figehi) . (A.2)
O = —=(gyhi — "1ho).

05 = %(flgohi—f gihg) »

o~ (10— stt)

O = —(fig"h' - fig' k). (A3)

The operators (’Jy) (Oéi)) are constructed from O:(ai) by in-
terchange of the indices on the quarks f and g (h). They
are chirality partners: whereas (9:(;) originates froma — + +
chirality combination of the three quark fields, 04(11)

Oéi) come from + —+ and ++ — combinations, respec-

tively (cf. (11)).
We proceed with the leading-twist operators. The oper-

ators C’)G ") contain three quark fields of equal chirality and
transform according to 78

and

D) — 0400

=SSR P+ [ R).

1
Oég) _ E(foglhl-i-flgohl —|—f1g1h0),
4) = flgip!
= fog0ho

1

6

o) = 7 (fogohi + fogiho + figoho) »
1

o) = 7 (fogihi+ figohi + figiho) »

= figihi - (A.4)
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Finally, there are three more multiplets that belong to 711—2:

= g5ho ,
1
2
oY = 7 (fO95h1 + fOgihs) ,
O = fogihi
OV = flgohy,
1
5
o) = 75 [ 19ohi + aiho)
= flglhl )
(1 _ fogoho
1
058) _ E(fogohl +f()glh0) ,
= fog'n',
(10) f1 0p0
ot = T(fig%l + f19'R°)
oy = fig' (A.5)

The operators O( (O l)) are chirality partners of O;i).
They follow when exchanglng the index on quarks one and
two (three).

A.2 Operators with one derivative

We list the operators with one and two derivatives using
the dotted and undotted indices for the quark fields as
introduced in Sect. 3.1 and denote separate total sym-
metrization in the (un)dotted indices by curly brackets.
The product of the covariant derivatives with the Pauli ma-
trices reads in the Euclidean formulation

(Do)°y =+D1—1iDs,
(Do)?; = —Ds+iDy,
(Do)'y=—Ds—iDy,
Do)ty =—-D;—iD;.

—~

(A.6)

The eight operators (’)g)l belong to the irreducible rep-
resentation 78 and are constructed from three quarks with
equal chiralities:

Ogi = "é ) (f{ogo(DU)lo }+f{191(D0) ihi}) )
Ogi = _\/g'f{igi(Do)Ooh

O8] = +V3- f9i (Do) ghg,

0 = 5 (F595(D0)hs) +f{1gl<Da> ihiy)
e —% (1°%9°(Do)°h™ + g (Do) yh M)
0% — V3. fllg (Do) h%
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Opl =—V3- flg' (Do)’
1
Og? = +§ ' (f{ogo(DU)OohO} + f{lgl(DU)lohl}) .
(A7)

ihO} )

The twelve operators C’) 5 generate a 71*2 irreducible
representation and arise from quark chiralities — + +:

Og% 2\\//_— (f{og (Do)° o1 }—|-f{1g (Do)t iyh Y),
:\/_-f{ig{ (Do)° '}ho}

Og% 2\\//_— (f{og{ (Do)! oyh }+f{19{ (Do)° iy })
Og% 2\/\/_— (f{og (Do) oph }+f{1g (Da)° iyh o),
015}~ —VE7,190D0) 1

Oy = 2*& (£09°° (D)5, 1% + f191 (Do), OV |
Og% 2\\//_— (f{09{1(DU) Y ho}"’f{ 9;i(Do) Y hl})
Oy = V3 U9 (Do) sy

Og% 2\/\/_— (f{09{1(DU) H h1}+f{ 9;i(Do) or ho})
Opy = —ff (91i(Do) ihgy + Fa(5(Do) Y ghgy)
Oy’ = V3 flgi(Do) ihgy.,

gg) :_2{/_— (f{og{o(DU) i’ ho}+f{ 9{1(DU) i ho})

(A.8)

The chirality partners C’) 5 (Op @ ) are derived from (’)g)2 by
exchanging the indices asmgned to the f quark with those
of g (h).

The last four multiplets of operators transform accord-
ing to the irreducible representation 7' . The operators

(’)2,5 are constructed from quark chiralities — + +:

1 1 3
0p) = ﬁf{og{O(DU)OO}hO} - ﬁf{ig{l(DU)li}ho} ;
2 3 1
(’)E)g = Ff{og{l(DU)O()}hO} - ﬁf{ig{l(DU)li}hl} )
1
%> 2ff{09 Do)yt =5 g Do)y
3
4
O} = mf{og Y(Do)' gyt — ﬁf{ig{l(Do)oi}ho} ;
= f(19"°(Da)%yh%
= f{ig{l(DU)lo}hl}
7 3
053% 2\/—f{09{o(DU) Y ho} - ﬁf{lg{i(Do)l}ih()}a
1
8
053% 2\/—f{09{1(DU) Y ho} ﬁf{lg{i(Do)l}ihi}a
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O =3 ff{og{l(Do) Vihoy = 5 ff{ 9(0(Do)ohsy
gg) = \/—f{og{l(DJ) H hl} _ﬁf{ g{i(DU) }oho},
D5 —f{lg{ (Do) }0h0}7

D5 _f{lg{l( )O}ihi}- (A.9)

(’)g)ﬁ (C’)g)ﬁ result from (’)95 by interchanging the indices
on the first and second (third) quark. Finally, we have
0% = +V2fi9i (Do) ihgy
05323; = —ﬁf{igo(DU)OohO} )
0¥ = +V2fi90(Da) " shy
054 = —V2f19i(Do)

5 1 1
OF) = +§f{191(D0)11h1} - §f{ogo(D0)1oho} ,
1 1
Ofs = +—f{ogo(DU)°oh0} - §f{191(DU)°1h1} :
o) = +v2 £ g (Do) h%
O(S \/_f{l O(DU)OohO}
0¥ = +v2f11g%(Do); h0F
(10) — \/_f{]. I(DO_) hO},
1
Ogé)—+ f{lgl(DU) ihl}—§f{OgO(DU)Oiho},
1
042 =+ £04 (D)5 — 3 1g" (D) b
(A.10)

A.3 Operators with two derivatives

Here we display irreducible multiplets of three-quark op-
erators with two covariant derivatives. As stated in the
text, the positions of the derivatives do not influence the
transformation properties. Hence one can produce further
multiplets by assigning the derivatives to any quark field
one likes. They can also act on two different quarks.
. . 4
The first three multiplets transform according to 77:

O0by =+ 7 1g1(Do)’1 (Do) )
+170906(D0)! o (D) Vg
+ if{lg{i(DU)li(DU)l}ihi} ,

Oy =37 C90(Da) (D) ghoy

- %f{og{i(DU)Oi(DU)O}ihi}
- gf{lg{i(DU)li(Do)O}oho} :

3
O5), = +§f{19{1(D0)10(D0)00}h0}

395
+ 1 £190(D0)3 (Do) 1Y
+ 39 (Do) (Do) 1)1,
Ohy =~ 17 (69°(D0)5(Do) 5,1
9 (De) (Do) )
2 g™ (Do) (Do . (A1)

The operators Og)pz ((’)g)Ds) are generated by exchanging
the index on the first with that on the second (third) quark
field.

V3
Ophs =

f{()g{l(D

3
— = £19"°(D0); (Do), 1%

V3

- Tf{ig{l(DU)li(DU)lo}hl} ;
V3

f{ig{O(DU

\/3
- Tf{ig{l(DU)lo(DU)lo}hl}

V3
- Tf{ig{l(DU)li(DU)Oi}hO} ;

V3
Opbi = 5 F°9(1(D)1 (Do) shg,

V3
- Tf{lg{o(DU)lo(DU)O}ohO}
V3
- Tf{lg{i(DU)li(DU)o}ihi} )
/3
Obps = 5 F1915(D0)°(Do)* g,

V3
+ Tf{lg{i(DU)Oi(DU)O}ihi}

V3
- Tf{lg{i(DU)li(DU)l}ohO} -

0)"5(D0) g k%

o%), = )°5(Do)5, h%

(A.12)

Again, Og)Ds ((9%)[)6) result from o([?m by exchanging the
index on the f with that on the g (h) quark field. They

belong to Tzé, whereas the following three multiplets trans-
form according to 78:

(9%7— f{og{O(DU)Oo(DU)Oo}hO}
1
+ Zf{og“(Do)lo(Do)IO}hl}

3
- §f{19{1(D0)11(D0)00}h0} ;
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3
3
e = L2 4911(D0)!o(Dr gy 1 Ot = 51 9(1(D0)"1 (Do) oy
1 1 1 1
+§f{ig{0(DU)oi(DU)OO}hO} +51%901(D9)'5(Do) by
1
0(4) 2 (U D). (D O}h
+§f{ig{l(DO’)li(D0’)lo}hl}, bD1o 22 911 (D)7 (Do) i oy
+5%g0i(Do) (Do) shgy
Og’,)y:?f{ig{o(Do)oo(Da)Oo}ho} 12 { 0 oo}
5
oP) o= — (f9;1 (Do)’ (D)% by
V3 2v/2
+="f9" (Do) (Do) gy nt
5 ! ! ~ 15(D0)° (Do) shy)
3
Yo, A1 1, 0. 70} 1
+ 5 Fagt (Do) i (Do) gy Og}no=—§f{09{1(D0)°o(D0)°}oh0}
3
Obbr = 5 /119" (D) (Do)’ h” - gf{lg{i(DJ)li(DU)O}ihO} :
1
I (0 0. 0, 30} 3
1" (Do) (Do) Ofbio =~ 519" (D) (D)’ 1,1
1
_ = {1 1. 1, 1} 1
. 4f{19 (Do) i(Do) 1,h 7, —§f{ig{1(DU)li(Da)1i}h0},
5 _ ~ {0, . 0, 0} .y . 1
Oppr = 4f 9¢0(D0)" (Do) shey Og})w: ﬁ(f{ig{O(DU)Oi(DO')Oi}hO}
1
Lot . 0. 0}, 1.
+4f 9¢1(D0)"1(Do)™ 1 hiy —f{ig{l(Da)li(Do)Ii}hl}),
3 3
-5 10g(Do)' (Do) sy OFhro = 559" (D) (Do)’ oy b
V3 1, « 0. 0. 30
(9([%7: 7f{og{i(D(T)Oi(DU)O}OhO} +§f{19{ (Do) (Do) iyh h
) _ L. 1 1. 70}
+§f{lg{o(Da)1o(DU)°}oh0} ©Obp10 = QJ; 109" (Do) 5(Do) gy
V3 +5 f19™ (Do)’ (Do), h%
+Tf{lg{i(D‘7)li(D0)0}ihi}7 27U ! o
Y OWD)0 = —= (09" (Do) (D) 5, ")
Oppr = 1 F1190(D)°5(D0) g o
— f69'° (D)’ (Do) 5, n™)
V3 {1 0 0 { '
+— (Do) (Do) by 1
\;l_f 9{1( )"i(Da)™ 4 i} 03[2))10:_§f{dg{1(DU)OO(DU)OO}hO}
3 1 1 1
+7f{ 91 (D) (Do) Fghgy —gf{ig{l(Do)li(Da)lo}hO}. (A.14)

g 3
o5, = gf{lg{i(DU)oi(Do)O}ohO}

1
— — g (Do)t s (Do) o by ; ;

‘11f g{O( )'5(Do) % The operators C’)g)Dll (O%)Dlz) result upon interchanging
——f{lg{i(DU)li(DU)l}ihi}- (A.13) the indices on f and g (h).

4

Once more, O%)Dg (Og)Dg) are obtained after exchange of

the index on the first quark with that on the second (third) 1 NG
quark. 0531):)13 = m(_2'f{191(DU)0{0(D‘7)00}h0}
The next operator multiplets belong to the irreducible 0.0 0 0 10}
— %" (Do) {i(DU) i}h

. 12
representation 7 —:
1 — 19" (Do) 1(Da)' ),

3
1
Obbio = —5191(Do)° (Do) shg) 0515 = +VB g (Do) (Do) 5, b0
1 1 1 1
~5/9(D0)' (Do) they Obhis = 4\/\/55‘(— f109°(Da)" (5(Da) oy A%
1
2
O(Dl))lo = 2_\/5 (f{lg{O(DU)lo(DU)l}ohO} — f{lgl(Da)l{O(Da)lo}ho}

— f0g(Do)' (Do) ihyy) | —2- flg" (Do) (D)3, 1)



4
Obprs =

5
O(DD13 =

6
OBy =

7
O3 =

8
O(Dl))13 =

9
OBprs =

10
O(DD)13 =

11
O(DD)13 =

12
O(DD)l?) -

Furthermore there are the five 7'2
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V5
14/2
~ 19" (Do) (1(Da)%;, 1

— 9" (Do)t (Do) iy A1)
V51" (Do)t (Do)’ h%
V5

42
— 19" (Do) (4(Do)" 5y 1)
—Q‘f{lgl(DU) {i(DU) 1}h })7
N
42
—f{ogo(DU){ o(Do) }Oh()}
— f1i9i (Do) (Do) i hey)
V51191 (Do) (Do) shgy
22 (= Funl Do) oDy
— £1i9i (Do) (D)%} by

—2- fri9i (Do) (Do) shy )

4{/_—( 2- f(191(Do) (Do) shg,

— f1i96(Do) (Do) ghey
— f(i91(Da) (Do) i hyy)
+V5 1191 (Do) (Do) yhgy

22 (~ F0o(Do) (D)

— f(191(Da) %1 (Da)% i by
—2- f119i (Do) (Do) ghey ) -

(—2- g (Do) (5(Do) 5,

(= 1g%(D0)° (Do) 5y h%

( 2 f{lgl(DU){O (DU)O} ho}

with the multiplet DD14:

1
O(DD14

2
O(DD14

3
0531):)14 =

4
0531):)14 =

(5)
DD14 =

= ? (f{lg{i(DU

— %1(D0)° (Do) ghgy,)
V3

= T(f{lg{i(DU)Oo(DU)O}ohO}
— U9 (Do) (Do) i hgy)
?(f{lg{i(DU)lo(Do)O}ohO}
— g1(Da)°1 (D)% i hgy )
?(f{lg{i(DU)oi(Do)O}ihO}
- f{lg{i(DU)l ( (DU)I}(‘)hO}) )
= (P 0(D0) Do)
— P9(1(Do)' (Do) i hyy)

)'i (Do) hey

multiplets. We start

6
O =

7
O 1 =

8
O 1 =

9
ODprs =

10
OE)D)M =

(11)
DD14 —

12
O(DD)14

2\/\/_— (F1g;0(D0)% (D)% sy,

— f19;1(Da)°1 (D)% i hyy)

= 5140 (D) (Do)

_ f{lg{l(DU)ll(DJ)lo}ho}) ,
(149 (Do) (Do)
— f19" (Do)’ (Do)’ h%)
(14t (Do) (Do) 1
~ 136" (D0)°3 (D)’ h)
g(f{ig{l(DU)oi(Da)oi}hO}
— 398 (Do) 4 (Do) 5, 1)
2\\//_—(f{19{ (Do)t i(DU)lo}hl}
~ [119%°(Da)"; (D), h) ,

3
2\/—(f{19 (D

—f{lg{O(DU) O(Do)oé}ho}) .

)'4(Da)' gy b

397

(A.16)

Again, the chirality partners (’)g)Dl 5 (C’)([l,)DlG) are generated
by exchange of the index on the first with that on the sec-
ond (third) quark field.

Finally, two equivalent multiplets exist that originate
from one Oy irreducible multiplet. They were separated
using the projectors P introduced in (17):

(1)
DD17 =

2
Obpir =

(3)
DD17 =

4
Obpir =

i (2 100 Do) (D)

5f{1gl(DU)l{o(D0)1o}hl}
+f{1g°(D0)°{o(D0)°o}h°}> ,
e 2 (2 100 Do) (D)
—3f{°g°(

+f{1gl<Da>1{i<Do>1i}h°}> ,

) {1(DU) 1}h}

g (2104 00)! (D10
—f{1 O(DU)O{i(DU)Oi}hO}
#2719 (Do) (Do) )

4;( F9°(Do)° (D)5, ™

— 191 (Do) 5(Da)' o h™
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and
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—2-f{lg%Da)O{i(Da)%}ho}) ,

O(f;’z))N 2\/—(5 AR’ *(Do)" {1(DU) o}h}
+ 9" (Do) (Do) iy 1Y) |
05361):)17 2\/—(f{0 O(DU) {1(DU) O}h}
+5- fUg (Do) ( (Do) !y h™)
Ogl))N 4\/—( 2: f{191(DU){ i(DU)l}OhO}
+gf{igi(DU){Oi(DU)0}ihi}
- f{igo(DU){Oo(DU)O}oho}> :
O(gl))N 4\/—( 2: f{191(DU){ O(DU)O}OhO}
+gf{ogo(DU){lo(D0)1}oh0}
—f{igi(DU){li(DU)l}ih0}> :
05391):)17 4\/— <2 f{191(D‘7){ i(DU)O}()h()}

+ f1i90(Do) (Do) s,
3
—3f{191(DU){11(DU)1}1h1}> :
10 51 3
O(DD)N 4\/6(—gf{ogo(DU){Oo(DU)O}OhO}
+ £119i (Do) %5 (Do) 1 by
+2'f{igi(DU){lo(DU)l}oho}> ,
11
O(DD)17 2\/—(5 f{lgo(DU){ O(DU)O}OhO}
+ f1i9i (Do) (Do) hyy)
12 —1i
o0, = —= (f1090(Do) ' 5(Da)% gy

2v/3
+5- fr19i (Do) (Do) iy ) (A.17)

5
Ophis = \@ (F19°(D)’ (D)) b
— g (Do) (Do), k)
(2) 5 {11 1 1 0}
Obpis = g(f g (Do) {i(DU) iy
— U (Do)° ((Da)%, h%)
5
O =/ (71191 (D) oDy
—11%(Do)° 1 (Da)%4,h%)

5
05341):)18 = \/g(f{lgl(DU)o{i(DJ)oi}ho}
— g1 (Do) (4(Da) oy h%)

Og’f):)ls 2\\//_—(f{1 Y(Do)? {1(Da) }hl}
— F14°(Do)° (D)%, )
78

05361):)18 (f{l 1(DU) {1(DU) }ho}

2v3
— 11%°(D0)° (D)%, k™) ,
05 s = \/g(f{igi(DU){li(DU)l}ohO}
— f(196(Da) (D)% 4hgy )
OB bis = @ (£1191(D) (D) gho
— f9i (Do) (Do) i hgy )
OS5 = \/g(f{igo(DU){lo(DU)l}ohO}
— f9i (Do) (Do) ghgy)
05 Dis = \/%(f{igi(DU){oi(DU)o}ihO}
—f{igi(DU){l'(DU)l}ohO}) ,

o
OB s = 5o (F90(D2) (D) gy

— fi9i(Do)1 (Do) i hyy)
v5 (f1096(Do) ' 5(Da)% gy

23
— f1igi(Do) (Do) jhgy) . (A.18)

12
O(DD)IS

Appendix B: Isospin induced identities

In this appendix we summarize our results for isospin 1/2
symmetrized three-quark operators. Exploiting identities
between them we arrive at a minimal independent set of
multiplets of three-quark operators with leading twist, up
to two derivatives and isospin 1/2.

B.1 Operators without derivatives

In a first step all mixed symmetric isospin operators can
be reexpressed in terms of mixed antisymmetric isospin
operators:

_Ogi),MA

?

?

1
V3
1),MS 2 i),MA
oy Z—E'Op
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Oéi),MS:+\/§.O§i),MA,
Oé(li),MS:_i_\/?—)_O:())i),MA,

Oéi),MS _0,
Oéi),MS —0,

i 1 i
O;),MS _ 1 .Og),MA7

V3

),MS 1 ), MA
oPMs __ L pwaa

: V3

i 2 i
oYM = 4 = . 0WMA,

V3

(B.1)

Then one can derive a set of identities among the mixed
antisymmetric operators uncovering further dependencies:

OPMA _

OPMA _ 1 oldMA.

OWMA _ g old:MA.

Oéi),MA —0,

Oéi),MA — 1. Ogi),MA

ofMA —o.

?

(B.2)

So we can take as a minimal set of linearly independent

operators the multiplets C’)f)’MA7

(’):(f)’MA and (’)g) MA

B.2 Operators with one derivative

We proceed with operators containing one derivative. Also
in this case we eliminate the MS in favor of MA operators.
One can even derive identities expressing all operators con-
taining one covariant derivative in terms of those operators
that carry the derivative on the first quark field:

O](cil),MS _ _% _ Oj(cil),MA
Oj(ciz),Ms _ _% _ O;;),MA
OJ(%),MS _ +%_Oj(cg),MA
O}Q’MS _ _% _ OJ(%),MA
O}g),Ms _ _% _ O]Eis),MA
OJEZ),MS _ _’_% _ OJ(%),MA
O}?,MS _ _% _ OJ(%),MA
O};),Ms _ _% _ O](cig),MA
O;il),MS _ _% _ O](cil),MA

)

2
V3

1 (4),MA
+ =0,

7

i), MA
. O](fzx) ’

?

2 (4),MA
— = 0N

V3
1 (4),MA
om0,

7
; (B.3)

?

@Ms 1 (),MA 2 (4),MA
O™ =+ o O = 2 O™,
@Ms 1 (4),MA
0g3 - _ﬁ : Of2 )
@Ms _ 2 (G,MA , 1 (4),MA
O™ = == O™+ 2 O,
@Ms 1 (),MA 2 (4),MA
O™ =+ 2= O - 2 0™,
@Ms 1 (4),MA
Ogs = Y O
@Ms _ 2 (G,MA , 1 (4),MA
O™ = == O+ 2 0,
@Ms 1 (4),MA
OR™M = ——= O™, (B.4)
i),MS 2 i),MA
OFPMS = v COPMA
4),MS 1 oMAa 1 i), MA
O =+ﬁ'0}3) +ﬁ'0;4) :
@Ms 1 (G,MA , 1 (4),MA
OhB _+ﬁ.0f3 +ﬁ-0f4 s
i),MS 2 i),MA
oM = t5 -OMA
@Ms 1 (G,MA , 1 (4),MA
Ohs _+ﬁ'0f6 +ﬁ»'0f7 )
@Ms 1 (G,MA , 1 (4),MA
Oh6 _+%'Of6 +ﬁ-0f7 s
@Ms _, 2 (4),MA
Op " = +% O3 ’
),MS 2 ), MA
O™ =+ O, (B.5)
i),MA i),MA
O;(;l) = _0;1) )
i),MA i),MA
O;(;z) = _0;3) )
i),MA i),MA
OMA = — o) MA
i),MA i),MA
0554) = _0;4) )
i),MA i),MA
OMA = _ o) MA
i),MA i),MA
OMA = — o) MA |
i),MA i),MA
oA _ g,
i),MA i),MA
OMA = —opIMA, (B.6)
O&),MA —0
O’(Q,MA _ _O;g),MA +O}2,MA ’
O’(:g,MA _ +O}g),MA _ O;Z),MA’
O;(Q’MA -0 7
i),MA i),MA i),MA
e e
O’(:g,MA _ +OJ516),MA _ O;?,MA’
O}(:-;’MA -0 7
OMA _g. (B.7)
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This means that a full set of isospin-symmetrized op-
erators with one derivative is given by the irreducible
multiplets

i),MA i),MA i),MA i),MA
OfMA - oMA ol MA L oA

(3),MA (4),MA (1 ), MA (3),MA
OMA L oMA L oDMA L oMA L (By)

B.3 Operators with two derivatives

We begin with the MS operators and both derivatives act-
ing on the same quark field. It can be shown that they
reduce to those operators that are mixed antisymmetric in
isospin with the derivatives acting on the first quark:

Off1471014 \}5 Off1471014v

0}}2?2 11,15 — +% (’))((;21\5/“;11 15 % : )(‘;237123/1,3,12,16 )

031310 =~ Off¥bnss + 5 -Ofi¥haae:
O;})lé\dls7 18 = % O(;lévlﬁ 18 (B-9)

Let us give a short explanation of how this notation is to be
understood. For example,

0(1 ),MS 1 (4),MA 2 (4),MA
f2 5,8,11,15 — +ﬁ TMf2,5,8,11,15 % "~1f3,6,9,12,16
means

(4),MS 1 (i),MA (4),MA

Ofra A Opr2 _\7 i3
(4),MS 1 (4),MA (4),MA

Oprs -t A Oprs _\7 6
(4),MS 1 (i),MA (4),MA

OfflS +% OfflS - \/_ OfflG

For mixed symmetric operators with both derivatives act-
ing on the second or third quark we have

02191%87 10,14 — _% 'O,(f;zl\;?n 15 + % ’ O}}?{}E{gu,w )
0(92 5,8,11,15 = +% 'Of1,4,7 10,14 >
Ogg3 6, 9 12,16 — _% ‘Offz 5, s 11,15 T % ' O}%%,é,m,w J
Ogg 13, 17 18 — % 'Off13 17,18 (B~10)
02211\/5187 10,14 — % 'Offz 5, s 11,15 % ' ](‘;2?:,%/[,312,16 )
0551221\/[588 11,15 — +% 'Offz 5, s 11,15 T % ' O}%ﬁém,w )
022731\,%?9,12,16 = _% .O(;]. 1:141?10 14>
O3 =+ = - Off it - (B.11)
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There are further identities between the MA three-
quark operators:

(4),MA i),MA

991,4,7,10,14 = Off2 5,8,11,15
05,?’21,\@%,11 15 = Of}l 1;4/?10 145
051231\2% 12,13, 16 17,18 = O};g’,,lzs/{élle,lG,l?,ls , (B12)
Ohhl 4 7,10,14 = };)2’1;3/[?11 15~ O}Q’;}Xém,lﬁ )
Ohh2 5 811,15 = Of;21\54§11 15 O}Q’;}Xém,lﬁ )
Ohhs 6 9,12,13,16,17,18 = 0 - (B.13)
Finally,
Ofs " = O™ (B.14)

Thus, as independent operators we may choose the set of
MA isospin operators Wlth both covariant derivatives act-
ing on the first quark C’) 17

In the case of the operators with the covariant deriva-
tives acting on different quarks, we can express all of them
by the MA isospin combinations with derivatives acting on
the second and third quark field. Then we arrive at similar

equations as above:

(4),MS 1 (i),MA
Ogh1,4,7 10,14 — ﬁ 'Ogh1,4,7 10,14
(4),MS 1 (i),MA (4),MA
Ogh2 5,8,11,15 — +% 'OghQ 5,8,11,15 7 ’ Ogh3,6,9,12,16 )
(4),MS 2 (4),MA 1 (4),MA
OghB 6,9,12,16 — _% 'Ogh2 5,8,11,15 + 7 ’ Ogh3,6,9,12,16 )
1
Ogh13 17,18 — _% 'Oghls 17,18 (B-15)
1 2 ()MA
th14710 14 — %'Oghzmu 15+%'09h3,6,9,12,16’
1
th25811 15_+%.Ogh14710147
2 500 L ) MA
ths 6, 9 12,16 — _ﬁ -0, h2 5 8,11,15 + % ’ Ogh3,6,9,12,16 ’
mms 1 (4),MA
th13,17,18 - _ﬁ 'Oghls 17,18 (B-IG)
(4),MS 1 (i),MA 1 (4),MA
Ofg 1,4,7,10,14 — ﬁ 'Ogh2 5,8,11,15 % ’ Ogh3,6,9,12,16 )
(i),MS L A0 L ) MA
Ofg25811 15 — +ﬁ'0 h25811 15+ﬁ'0gh3,6,9,12,167
(4),MS 2 (4),MA
OngGQ 12,16 — %'Oghuu 10,14
(4),MS 2 (4),MA
04131718 = “‘% “Ognizirs (B.17)
(1),MA i), MA
th1471014_ogh25811 15
(1),MA (1),MA
th25811 15_Ogh1471014’
(1),MA (i),MA
ths 6,9,12,13,16,17,18 — Ogh3,6,9,12,13,16,17,18 ) (B~18)
(i),MA (1),MA (i),MA
Ofg 1,4,7,10,14 — Ogh2 5,8,11,15 Ogh3,6,9,12,167
0(1) MA 0(1 ),MA O(i),MA

f92,5,8,11,15 —

gh25811 15

gh3,6,9,12,16 7



(@)

(i),MA 0
93,6,9,12,13,16,17,18 — Y *

T. Kaltenbrunner et al.: Irreducible multiplets of three-quark operators on the lattice

(B.19)

Finally,

Ogih),ll\é[A _ o():MA

gh17 (B20)

Therefore we choose as independent operators the reduced
set of MA isospin operators with the covariant derivatives

acting on the second and third quark: Ogi}z 1¥ﬁ17.
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